We are writing this notes because we want to give a generalization of Chebotarev density
theorem for a scheme of finite type over Spec(Z).

1. THE CLASSIC CHEBOTAREV DENSITY THEOREM

1.1. Preliminaries of number theorey. A number field K is a finite extension of Q. We
denote its ring of integers O, which is the integral closure of Z in K, and is a Dedekind
domain.

Let L/K be a fintie extension of degree n of number fields. Let p be a prime ideal of Ok.
Then the basic commutative algebra tells us that

€g

pOp = ? g

for some prime ideals PB; of Or.We call e; the ramification number of B;|p.
Let f; := [Or/%B; : Ok /p], then we have a equality

n=y el
j

by degree chasing.

Moreover, if we let L/K be a Galois extension, then G := Gal(L/K) acts transitively on the
set {P1,...,P4}. This implies that if L/K is Galois, the number e; and f; are independently of
j, and only depend on p. So, we have

n=-efg,
and

pOL = BB

Let B be such a prime with PB|p. We can define

Dy(L/K) :={0 € G;o(B) =B.},

called the decomposition group of 8 in L/K.
In other words, it is the stabilizer group of G' acts on the group set {B1,...,P4}. As this
action is transitive, Dy has index g, and hence of order ef for any J|p.

Theorem 1.1. Let k := Og/p and | := O /P If L/K is Galois, the so is [/k, and we have a
surjection

Dy(L/K) — Gal(l/k)
with kernel Iy(L/K), called the inertial group.

So, Iy has order e for any |p.

Moreover, given an umramified prime p of Ok, i.e., a prime p with decomposition

pOL =P1.. By

with e = 1.
We then have an isomoprhism of groups

Doy(L/K) = Gal(l/k)

for each P|p. Let Froby denote the Frobenius in Gal(l/k) and consider it as an element in
Dy(L/K), hence in Gal(L/K). Since all Dy are conjugated to each other, this element Frobgy is
well-defined up to conjugacy. And we shall call it the Froebnius substitution, denoted by Frob,
or (p,L/K).
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1.2. Chebotarev density theorem. The Chebotarev density theorem in algebraic number
theory describes statistically the splitting of primes in a given Galois extension K of the field Q
of rational numbers.

Theorem 1.2 (Chebotarev density theorem). Let L be a finite Galois extension of a number
field K with Galois group G. Let C be a conjugacy class in G. Let
T := {p;p unramified in L, (p, L/K) = C}.
Then T has Dirichlet density
_#C
= o

We want to explain the classical ways to define all these concepts.

5(T)

Definition 1.3 (Dirichlet density). Let T' be a set of primes of K. If there exists a §(7") such

that S o)
#OK /p)~°
_ 1 peT
5(T) N sliI{l"‘ — log(s — 1) ’

then we call §(T") the Dirichlet density of 7.

We now want to show the denominator
—log(s—1)~ Y (#O0xk/p) " s— 1%,
p€Spec(Ok)

so that we have the right definition of “density”.
At here, let f(s), g(s) be two functions defined for s > 1 and real, then we write

f(s) ~g(s),s =17,
if f(s) — g(s) is bounded for
l1<s<1l+4e,s€eR,
for some € > 0.
We consider the prime zeta function of the number field K,

1
) = Myt T (g0 )+

It’s a fact that (x(s) is meromorphic on a neighborhood of 1 and having a pole of order 1 at
1. So, we can write

i s) =~ + (), )

for some a and holomorphic function g¢(s) in a neighborhood of 1. Moreover, a > 0 since
Ck(s) >0 for s > 1 and real.

Lemma 1.4. Let u,us,... be a sequence of real numbers > 2 such that

1
=152 ———
f(s) ]—1 1 _ uj—s

is uniformally conversent on each region

D(1,0,¢) ={R(s) > 1+0;|arg(s — 1) <

|y

—€|},d,e > 0.

Then .
log(f(s)) ~ 3 s = 1%
J
Proof. We have

o

log £(s) =D log =3NS SN =3 ),
j=1 j J J j

78_
1 U m=1 j j m=2 J j 7




where

j=1m=2 J j=1m=2 mu]
Since u > 2, R(s) > 1,
0 1 > 1 1 —2R(s) —2%R(s)
> <> 5" = 5 < T
t mau™R(s) -~ 2 uR(s) 2(1 _ u—?R(s)) 1 — y—2R(s)
Hence
00 —2%R(s)
Yy
lg(s)| < - W
J=1 J

Since f(s) is holomorpic in a neighborhood with R(s) > 1, f(2s) is holomorphic for R(s) >

—2R(s
1/2, hence bounded near s = 1. Since ) 72| —.—5q; converges absolutely if and only if IT;(1 +-
j
O

oo Y
=11y
W) = f(2R(s)) converges absolutely, we know that g(s) is bounded as s — 17.
-

J

O

As a result, we can take logs to (*), and we find that

> (#Ok/p) ™ ~ lor(Cx(s) ~ Tog(——),s = 17,

peSpec(Ok)

which is what we need.

We want to give an application of the Chebotarev density theorem. We will talk about two
extreme spliting types.

Let Spl(L/K) to denote the primes p in O that splits completely in Oy..

Lemma 1.5. 6(Spl(L/K)) = ﬁ

Proof. Let p be an unramified prime of Og. Then Frob, = 1 if and only if p splits completely.

By we know
1

[L: K]

(Spl(L/K)) =
O

Let Inert(L/K) be the set of primes p in O that is inert, i.e., pOx =P for one prime ideal
;‘B of OL.

Then we see that p is inert if and only if Frob, generates the whole group G. In other words,
if L/K is a cyclic extension, then by

d(Inert(L/K)) = w
And if L/K is not cyclic,

d(Inert(L/K)) = 0.

2. REVIEW OF ETALE LOCAL SYSTEM AND ETALE COHOMOLOGY

2.1. étale local system and lisse sheaves. In this section we want to review the Weil Con-
jecture and Grothendieck-Lefschetz trace formula for vaireties over finite fields, which plays the
role as the L-function. We assume the basic knowledge about étale site and étale fundamental
group. In particular, given a scheme X over k with a geometric point x € X, we have the short
exact sequence

0 — (X5, 2) — 73 (X, x) — Gal(k/k) — 0.
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Definition 2.1 (Locally constant étale sheaf). Let X be a scheme, and let F be a sheaf of sets
on X¢. We say F is locally constant if there exists a covering {U; — X} such that Fjy, is a
constant sheaf.

For example, for any prime [ # char(k), one can consider the constant sheaf Z/I"Z for any
n > 1. And the question is that give an étale covering {U; — X}, how does this glue to a locally
constant sheaf, which is fibrewise Z/I"Z. This is well-explained by using the étale fundmental
group and monodromy theory, which is an analogue to the covering space theory in the manifold
case.

Definition 2.2 (Locally constant constructibleétale sheaf). A locally constant constructible
étale sheaf is a locally constant étale sheaf, whose fibrewise is a finite set.

From now, we will use LCC(X) to denote the category of locally constant constructible étale
sheaf on X.

Theorem 2.3. Let X’ — X be a finite étale cover of X. Then the functor of points sheaf
X' := Homx (—, X’)
on X is a LCC sheaf. Moreover, the association X’ — X’ gives an equivalence of cateogries

{finite étale covers of X} <» LCC(X)

Proof. The opposite direction is to use the Etale space of a sheaf, which is a finite étale covering
of X. [l

On the other hand, as in the real manifold cases, the finite étale cover of X corresponds to
how the fundmental group acting on the fibres. This should be obvious, depending on how the
reader realize the étale fundamental group.

Indeed, given a geometric point x € X, one can define the fibre functor

Fib, = li_n>qH0mX((U, u), —).

The action of 7¢*(X, z) on the finite set Fib,(X’) is continuous with Fib,(X’) given the discrete
topology, and hence Fib, gives a natural functor

{finite étale covers of X} — {finite discrete w¢*(X,z)-sets}.
Theorem 2.4 (Grothendieck). Fib, is an equivalence of categories.

Corollary 2.5. Let X = Spec(k), then we have a equivalence of categoeis
{étale k-schemes} <> {finite (discrete) Gal(k/k)-sets}.

Also notice that it preserves group structures, so we also have a equivalence between étale
k-group schemes ad the category of finite (discrete) Gal(k/k)-groups.

Afterall, by and we can see the locally constant constructible étale sheaf corresponds
to the finite W‘ft(X ,x)-sets S, which corresponds to a continuous representation

(X, 2) — Aut(S).

Also, as I'(X, F) = Homgy(Z, F). If F is locally constant constructible with fibrewise .S, then
the latter group equals to Homﬁst (Z,S) by and It then equals to S™', the invariants of
Wft. Notice that this is exactly the same proof as in the manifold cases.

So far, we only talked about the fintie set S, such as Z/I"Z. We want to push this idea
further. And we need to introduce the idea of l-adic sheaves.

Definition 2.6 (l-adic sheaf). An [-adic sheaf M is a family (M, fn+1 @ Muy1 — My,) such
that 1. for each n, M, is a constructible sheaf of Z/I"Z-modules;
2. for each n, the map fr4+1: Mpy1 — M, induces an isomoprhism M,,1/1" My+1 — M,.
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The l-adic sheaf M is said to be locally constant (also called a lisse sheaf )if each M,, is locally
constant. So, it corresponds to a continuous representation

p (X, z) — Aut(M).
And we can define the cohomology groups

Hgt(Xa M) = @Hgt()Q Mn)

In particular,
HE (X, Z) = lim HY, (X, Z/1"2).
n

Here is one reason that we have to define the [-adic sheaf in this way is that intuitively, we
want to define H'(X,Z;) = Homys (758X, x),7;). But since n{'(X,z) has profintie topology,
While Z; has discrete topology, any continuous homomorphism f must map an open subgroup
of 7¢* to 0. Hence f will factor through a finite group, which forces itself to zero.

However when one consider Z; as a lisse sheaf,

Helt(Xv Zl) = LiLant()Q Z/an) = 1'glI_IOHICI?S(7-(‘1%()(? iL'), Z/an) = HomCtS(ﬂ—‘lét(Xa I’),Zl),
n

n

where the last Z; carries the [-adic topology.

Similarly, we define a sheaf of Q;-vector spaces as a lisse sheaf M = (M,,), with

Hgt(X7 M) = Qiant()Q Mn)) ® Q.

n
In particular,
HE(X, Q) = lim HY(X, Z/1"Z) © Q.
n
As a summary, we have that given a Q;-sheaf F is the same giving a continuous represetation
p:mi'(X,2) = GL(V),

where V' = F, = Q' is the fibre of F at .
At last, we give the definition of Tate twist.

Definition 2.7 (Tate twist). Let Z; denote the trivial Z;-sheaf. Then Z;(1) is defined as the
Zi-sheaf associated to the lisse sheaf Tjpyo = r&lﬂln(ks) = 7 over Spec(k).

In particular, if k = I, is a finite field, then Q;(1) associates to the l-adic cyclotomic character
p: Gal(F,/F,) — Z],Frob, — q.
We also define Z;(—1) = Q;(1)". For any l-adic lisse sheaf F, we define F(n) = F ®z, Z;(1)®?

2.2. Grothendieck-Lefschetz trace formula. In geometry, Lefschetz fixed point theorem is
a classical tool to help us check the fixed points of a good map by using the linear data.

Theorem 2.8 (Lefschetz fixed point theorem). Let M be a compact, oriented manifold. Let
f: M — M be a continuous map with isolated fixed points. Then

#{reM: f(x)=2}= Z Ytrace(f*|H (M, R)).

Inspired by this, Grothendieck has an analogue applied to a variety X over a finite field
k =1TF,, with ¢ = p™ and 7x := F)’{”/]Fq : X — X is the geometric Frobenius.

Definition 2.9 (cohomology with compact support). For any torsion sheaf F on a variety U,
we define

H{(U,F) = H" (X, ji.F),
where X is any complete variety containing U as a dense open subvariety and j is the inclusion
map.



6

Theorem 2.10 (Grothendieck-Lefschetz trace formula). Let X be a variety over F, and F a
locally constant Q;-sheaf over X. Then

Z trace(my | Fyz) = Z(—l)itrace(ﬂ}\Hé(X xg, Fq, F)),
z€X (Fy) i
where F, is the fibre at x, and 7, is the geometric frobenius at k,, i.e., the generator of
Gal(F,/kz).
In particular, if 7 = Q is the constant Q-sheaf, the left hand side becomes X(F,) 1=
#X(F,). Since X(F,;) = {x € X(F,);nx(z) = x}, this means we have an analogue and gener-
alization of the Lefschetz fixed point theorem.

Corollary 2.11. Let X be a variety over F, and F a locally constant (Q;-sheaf over X. Then
#X(Fym) = Z(—U%race(wgg\flg(x xw, Fq, Q1))
i
2.3. Weil Conjectures. The trace formula inspired Weil that we can use the linear data
given by the [-adic cohomology to study the original geometric object. Now, let X be a smooth

projective variety of dimension d over F,.
We can define the zeta function of X by

[e.e] tn
Z(X,t) = exp(Y_ #X (Fgn)—) € Q]
n=1
Alternatively, let |X| be the set of closed points of X. Let z € |X| be a closed point with
residue field k,. Then
Z(X,t) = Tyepx (1 — tlheal) 1
One can also define the arithmetic zeta function

Cx (t) = Mgy (1 — k") ™
Then one can check that Z(X,q™%) = (x/(t).

Note that the arithmetic zeta function is just a generalization of the classic zeta functions for
scheme of fintie type over Z. For example, if K is a number field and O its ring of integers,
then the Dedekind zeta function is defined as

(i (s) = Mpcog (1= #(Ox/p))
We want to use the general fact that for an endomorphism ¢ of a finite dimensional vector
space V over a field K, we have an identity of a formal power series

o0 tn
exp(Y_ trace(p"s V) - —) = det(Id — - V). (1)
n=1
Using and (1),
o tn
Z(X,t) = exp(d_#X(Fpn)—) =exp(d_ > (—1)'trace(r’y |[HI(X xg, Fq, Q) - —)
n=1 n=1 1
. t')’L _ 1)t _1)¢
:H%ioexp(ztrace(ﬂ_?(;Hé(Xﬂsq,Ql))-g)( V=124 det(Id — t - wx; H(Xg,, Q) )
n=1

Let Pi(t) := det(id — t - WX;Hé(XFq,Ql)). Suppose it has decomposition over C: P;(t) =
IT;(1 — a;t). Then oyj; are eigenvalues of mx on Hé(Xqu, Q).
Theorem 2.12 (Known as Weil Conjecture, now a theorem of Deligne). Let X be a non-singular

projective variety of dimension d over [y, then
1. (Rationality) The zeta function of V' is rational, of the form

Pi(t)- - Paa—1(t)
Py(t)--- Pa(t) ’

Z(X,t) =
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where Py(t) = 1 —t, Pyy = 1 — ¢, and each P; is a polynomial with integer coeffients factoring
over (C, as Pl(t) = HJ(]_ - C!ijt).
2. (Functional equation) The zeta function satisfies

1 d-x(X)
2

Yy = Cx(X)
20X, ) =05 00 Z(X ),

where x(X) is the Euler chracteristic of X.

3. (Riemann hypothesis) The roorts «a;; are algebraic integers of complex absolute value
|| = ¢

By our discussion before the theorem, it means that the eigenvalues of mx on Hé(XFq, Q) are

algebraic integers of complex absolute values |o;;| = q‘/2.

We give two basic example:
Example 1: Consider the projective line P! over F,. Then HO(IP’%, ,Q) = HQ(}P’%F , Q) =Q
q q
and H! (]P’%F ,Q;) = 0. We may take the convention that the determinant of endomorphism on
q
trivial vector space is one. Then
ZE ) =
N [y
On the other hand, for any n,
4P (Fan) = ¢ + 1.
So, Z(P',t) = exp(}_,51 Clyny

n

Since 3,54 g — _Jog(1 — qt) — log(1 — t), we have the same result.

n

~

Example 2: Let X be an abelian varietiey of dimension g over F,. Then H i(Xqu,Ql) =
NH 1(Xqu@l)- This shows that the eigenvalues a;;’s have the relation that o;; are exactly of

the form a;; = ey 1041, 291, #1=i157- So, the well study of Tate modules of abelian varieties
give all information of the zeta functions.

Moreover, Deline later generalized his result to a general lisse sheaf F of any weight.

Definition 2.13 (weights). Let n € Z. Let F, := Frob,!.

1. A locally constant sheaf F of Q;-vector spaces on X is said to have weight n if for all
closed points x of X, each eigenvalue of F, : F, — F, is an algebraic number whose complex
conjugates have absolute value glFeFaln/2

2. A fintie-dimensional Q-vector space E endowed with a continuous action of 7$'(X) has
weight n, if |, for all closed point = of X. each eigenvalue of Frob, : E, — FE, is an algebraic
number whose complex conjugates have absolute value ¢~ [k=Faln/2,

Example: (1) is acted by Frob, by sending it to ¢. So, it has weight -2.

Theorem 2.14 (Deligne). Let f : X — S be a morphism of schemes of finite type over F,, and
let F be a mixed sheaf of weight < n on Xf,- Then, for each i, the sheaf R'f;F on S is mixed
of weight < n + 1.

In particular, let S = Spec(F,), then for any lisse sheaf F of weight 0, the eigenvalues of mx
on H Z(XFq,]: ) are algebraic numbers of complex absolute values < ¢*/2.

And he showed it’s equality when X is a curve.

Theorem 2.15 (Deigne). Let X be a smooth proper curve over Fg, j : U — X the inclusion
of'a dense open subset, and F a lisse sheaf that is pointwise pure of weight n on U. Then
H'(X5,,j*F) is pure of weight n + .
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2.4. Poincaré duality. We now want to finish this section by introducing another important
and useful tool: the Poincaré duality. Let k be an algebraic closed field and let A\ = Z/nZ for
some n prime to the characteristic of k.

We let A(1) denote u,, and A(m) = p&™. Let F¥(m) = Hom(F,A(m)) be the hom sheaf.

Theorem 2.16 (Poincaré duality). Let X be a smooth variety of dimension d over an alge-
braically closed field k.

1. There is a unique map n(X) : H>4(X, A(d)) — A by sending cl(P) to 1 for any closed point
P on X, where cl(P) is the image of 1 under the composition of the Gysin map (which is an
isomorphism)

H°(P,A) = HE(X,A(d))
and the natural map
HE'(X, A(d) = HZ' (X, A(d))).

n(X) is an isomorphism and called the trace map.
2. For any locally constant sheaf F of A-modules, there are canonical pairings

H'(X,F) x H¥ (X, FY(d)) = H*(X,A(d)) = A,
which are perfect pairings of finite groups.
As a result, if we let A = Z/I"Z and take the limits, we have
HE(X, F) = H*="(X, F(d))”

for every l-adic lisse sheaf F.

3. DIRICHLET DENSITY IN DIMENSIONS > 1

3.1. Dirichlet density. From now we fix a scheme X of finite type over Spec(Z). This covers
the example of number rings or a variety over a finite field. Let d := dim(X) and | X| the set of
all closed points of X.

If we suppose k is the constant field of X, then | X| equals to the set of all points x € X, with
[ky : k] < co. Moreover, there is a natural bijection

1 X| = X(k)/Gal(k/k),

where the target is the Galois orbits of k-geometric points in X. In particular, given a closed
point z € X with [k, : k] = n and k;/k Galois, it corresponds to a Gal(k,/k)-orbit X (k;)/Gal(ksz/k),
which corresponds to exactly n primitive points in X (k;). At here, a primitive point x € X (k)
means a point whose residue field is exactly k.

From now, we may suppose k = [, for some p-power ¢g. But notice that all theorems of this
section apply to characteristic zero cases, with some minor changes in the proofs need to be
fixed. We use ¢, to denote #k, for any closed point € X. Let Frob, denote the generator of
Gal(F,/ky).

Theorem 3.1. Let f: X — Y be a proper and smooth morphism of schemes of finite type over
SpecZ.

1. Suppose that all fibres of f have dimension < m, then there exists a constant C' > 0 such
that for all y € |Y| and all n > 1, we have

#{z € \Xl;f(x)zy,[kx:ky]zn}ﬁ%C-q{}m;

2. Suppose that f is surjective and all fibres are geometrically irreducible of dimension m > 0.
Then there exists a constant C’ > 0 such that for all y € |Y| and all n > 1, we have

1 n(m—14
#{z € X[ f(@) =y, [ko byl =n} > — - (g = Clgi ™),



9

Proof. Let X, denote the fibre of f above y and k:zsn) an extension of k, of degree n. Then by

we know

2m
#Xy(kl(/”)) = Z(—l)itrace(FrobZ]Hé(Xy Xk, ky), Q).
i=0

And by [2 we know the eigenvalues of Frob, on H, Z(X Xk, ky, Q) are algebraic numbers of

complex absolute value < qy/ . Moreover, by constructibility and (smooth) proper base change,
R'f,Qy is locally constant and the total number of eigenvalues is bounded independently of y.
So,

#Xy (k) = [#X, (k) < C - g™ (2)

for some constant C.

As we discussed before, any = € | X| with f(z) =y and [k, : Fy] = n corresponds to exactly
n primitive points in Xy(kl(,n)). This applies (1).

On the other hand, to show the lower bound, we have to give a bound for the non-primitive
points in Xy(kygn)). At here, the non-primitibe points are those in Xy(kz(,n) ), whose definition
field is stirctly contained in k;n).
By (2), we have

n/2|m
ln/2im g

BRI < Y X,k < Y Cogpm = < 20qy™2. (3)

n'|n,m#n 1<n/<% Y

Still by 2.12|, we know HCQm(Xy Xk, Ey, @) has dimension 1 and the eigenvalue of Frob, is

equal to gy".

We then have

#{r € X () = g lho s Byl =} = - #X, (0P

1 1 — nm
> E . (#(Xy(k_:gn))) 2anm/2) > E . (qgm - ng(m 1/2) ch /2)
1 _
>~ (g™ = 3Cq ),

O

We now want to define the Dirichlet density of points, which is a generalization of number
field cases. give the well-behaved bounds for us to show the Dirichlet density is well-behaved.

Let X be a scheme of finite type over Spec(Z) and of dimension d > 0. Then for any subset
S C | X| and a complex parameter s, we can define

)= 4" (4)
z€S
For example, when X = SpecZ and S = | X|, it’s just the prime zeta function
1 1
Fix ()= 3" & ~log(—), s 1%,
pally s—1

Lemma 3.2. 1. The series (4) converges absolutely and locally uniformly for $(s) > d. Thus
it deines a holomorphic function in this region.
2. We have

lim F = 00,
g Fx(5) = 00

where the limit is taken with s approaching d along the real line from the positive direction.
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Proof. Let K = K(X) be the function field of X and assume that char(K) > 0. Let F, be
its field of constants. Note that it’s sufficient to replace X by a Zariski dense open subscheme,
where one wants to use Noetherian induction for (1).

We may suppose that X is a geometrically irreducible scheme over ¥ = SpecF,. Then we
have

Fs(s) = Zq_”s#{x € S;lky : Fgl =n}.
n>1
Taking absolute values and using [3.1] (1), we see that this series is dominated by
—aR(s) L oAm —R(s
S q L ogn = Cllog(1 - )|
n>1

Clearly this is locally uniformly bounded in the area of R(s) > d.
For the second conclusion, we take s € R. By (2),

1
Fixi(s) = > a "z € | X[ (ko : Fol =n} > > a7 —(q" - C'q"4=3))

n>1 n>1

= —log(1 — ¢%%) + C"log(1 — qd_s_%).
This goes to infinity clearly.
O

The above Lemma also applies to characteristic zero cases, with Y changed by spectrum of
number rings and the sum need to be done over all places of Y.

Definition 3.3 (Dirichlet density). If the limit

_ i Es(8)
:U‘X(S) _sl~>d+ F‘|X|(S)

exists, we say that S has a Dirichlet density and px(.S) is called the Dirichlet density of S (in
X).

Lemma 3.4. 1. If S has Dirichlet density, then 0 < px(5) < 1.

2. The set | X| has density 1.

3. If S is contained in a Zariski closed proper subset of X, then S has density 0.

4. If Sy € S C Sy C | X]| such that pux(S1) and px(S2) exist and equals, then px(S) exists
and is equal to px(S1) = ux(S2).

5. For any subsets S1,S2 C |X]|, if three of the following densities exist, then so does the
fourth and we have

px (S1US2) + px(S1NS2) = ux(S1) + ux(S2).

Proof. They are easy to see. For (3), S has smaller dimension, so Fs(s) is bounded near s = d
by while the denominator goes to infinity. O

Lemma 3.5. Let f: X — Y be a dominant morphism of integral schemes of fintie type over
Spec(Z). Suppose that dim(X) = dim(Y) and that f is totally inseparable at the generic
point. Then any given subset S C |X| has a density if and only if f(S5) has a density, and then

px(S) = py (f(5))-

Proof. We may choose a Zariski dense open subset V C Y such that U := f~1(U) — V is fintie
and totally inseparable at every point. And we may replace X by U and Y by V. Then f induces
isomorphisms on the residue fields, since they are all perfect. Hence we have Fs(s) = Fy(g(s)
for any subset S C | X].

Theorem 3.6. Let f: X — Y be a moprhism of schemes of finite type over Spec(Z). Suppose
that X is integral and that f is non-constant. Then the set

{z € |X]; ks kpm)) = 1}
has Dirichlet density 1.
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Proof. First we replace Y by the closure of the image of f. Next we write d = dim X,e =
dimY,m = d — e. Choose a Zariski dense open subset U C X such that the fibre dimension
Jilv + U = Y is everywhere equal to m. By the lemmas before, we may replace X by U. Now
put
{:U €1X]; [kac : kf(a:)] > 2}'
By (2), we only need to show that Fs(s) converges absolutely and uniformly near s = d.
Taking absolute values and using we see that the series is domonated by

Zq;%(s) _ Z Z qy—[kz:ky]-ﬂ‘%(s)

zes ye|Y| z€S, f(z)=y
—n S —n S 1 nm
=D D a," #a e X[ @) =y ke s k] =n} < DD g, -Cg)
yely|n=2 yely|n>2
qz(m*%(S)) C
velY| Oy
By again, this converges locally uniformly for Re(s) > m + § = d — 5. Since f is
nonconstant, ¢ > 0 and this converges uniformly near s = d. O

The above theorem is a generalization to the fact that the set of primes of absolute degreee
1 in a number field K has Dirichlet density 1 (in K).

3.2. Chebotarev density theorem. We now can start to state and prove the Chebotarev
density theorem. Let X be a scheme of fintie type over Spec(Z) as before. Let X — X be
a finite étale Galois covering with Galois group G = Aut(X/X) such that X is irreducible.
Let K = K(X),L = K(X) denote their function fields. After assuming X is proper, we have
Aut(X/X) = Gal(L/K), where L/K is an unramified Galois extension. And we will take
the identification that 7*(X,7) = Gal(K*"/K), where K% is the maximal Galois unramifed
extension of K and T € X a geometric point.

Let = € |X]| be a closed point, and consider the local ring (Ox z, mx 2, kz). We denote
<O§<,w’ MX z, kz) the hensalization of (Ox ,, mx 4, kz). Let K, denote the fraction field of (’)}’x.
We also have the strict hensalization, denoted by (Of;?,x, mx g, k3). Welet Kz denote the fraction
field of Oggx.

Then we have an embedding of fields
K — K, — Kz,
whose separable closure satisties
K° — K; =K.
It induces an embedding of Galois groups
Jj:Gal(K;/K;) — Gal(K®/K).

And we can consider the diagram of groups

Gal(K3/K,) » Gal(K*/K) —— Gal(L/K)

Frob € Z = Gal(kS /kz)

Let Frob, denote the image along the first row of preimage of Frob € Gal(k? /k;) in Gal(K3/K,).
It is then well defined up to conjugacy. We then use Frob, to denote its conjugacy class, some-
times called the Frobenius substitution of x € | X|.
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Theorem 3.7 (Chebotarev density theorem). For every conjugacy class C C G, the set
{z € | X|;Frob, =C}

has Dirichlet density

#C

#G'
Proof. We can prove this theorem by using the idea from the representation theory of finite
groups. Let CF(G) denote all the class functions G — C, i.e.,

CF(G)={f:G— C;f(ghg™") = f(h),Yg,h € G}.

CF(G) has two natural basis: one consists of the characteristic functions of conjugacy classes
in GG, and the second one consists of the irreducible characters of G.

Let w9 = 1,1, ..., om denote the irreducible characters. They correspond to the irreducible
representations of G, by sending p to x, = trace o p. Moreover, ¢; is an orthonormal basis with
the inner product

(,¢") > ely
#G geG
Let ¢ be the characteristic function of a conjugacy class C, we have p¢ = >, ac,ip; with
_ #C
ac,o = (e, %o) wc(9)polg)
SEY = 4G

geG
Now for any class function ¢ we can consider the series
Fy(s) =) ¢(Froby)-q;”
z€|X|
Let S¢ := {z € | X|;Frob, = C}, then obviously Fs,.(s) = F,.(s). On the other hand, we have
Fix|(s) = Fipy(s). Thus we need to prove

F,
lim ¥c (5)
s—dt F¢0 (S)

= (@C?QOO)a

for any conjugacy class C. This is equivalent to show

F, 1ifi=0
li #ils) = iy - )
Jm 7y~ el {0 iti+40

for all 4.

When ¢ = 0, this is obvious. And by it suffices to show that when i # 0, F,,(s) is
bounded near s = d. That is, for any nontrivial irreducible character ¢, we want to show F,(s)
is bounded near s = d. We now fix such a ¢.

As before, we may assume X is geometrically irreducible and Y = Spec(F,). So,

= Z qfns Z gO(FI“Obx)

n>1 2€| X | [kz:Fyl=n

Als) = F¢(s)—2q_”5% S p(Frob,)

n>1 z€X (Fyn)

We claim that

is bounded near s = d.
Indeed, any point z € | X| with [k, : Fy] = n corresponds to n primitive points of X (Fgn) as
before. Then,

_ Z qfns% Z Frob Z qins Z gO(FI'ObJ;)

n>1 LBEX(Fq ) n>1 weX(Fqn)nonprim
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So,

1 1 d
< —nR(s) = < —nR(s) = 1 ,nd/2 2 —R(s)
A(s)[ <D g Y p(Froby)[ <D g ~Cq"/? < C'log(1 — g2 "),

n
TLZ]. xeX(]Fqn)nonprim nz]_

where the second inequality is by (3) in the proof of and the fact that G is finite.
As a result, A(s) is bounded near s = d.

So, it suffices to bound
1
—ns — *
Soa S p(Foby). )
TLZl xEX(IFqn)

Choose a number field £ C C such that the irreducible representation p of G with ¢ = traceop
can be defined over E. Let [ be a prime such that [ # p and choose an embedding F — Q.
We then consider the composition of maps

(X, z7) - G - GL(E) — GL(Q)),

which is an l-adic representation and we still denote it by p. By our explaination in Section 2,
it corresponds to an [-adic Q;-lisse sheaf F;.
By construction, we know that

¢(Frob,) = trace(Frobg; Fi z)

for any = € | X|.
By [2.10] for any n > 1,

2d
Z ¢(Frob,) = Z(—l)itrace(FrobZ; HAX xg, Fq, F1)). (**)
:BEX(Fqn) =0

So,

%) = Zq—m% Z (Frob,) Z ns_ Z )itrace (Frobg; THYX XF, Fq, F1))

n>1 2EX (Fyn) n>1
- —ns 1 n. —ns 1 n 2d
= g g —(—1)"trace(Frobl; HL(X xg,Fq, J1))+ E q " —trace(Froby; HZ (X, , F1))-
n n
n>1 n>1

On the other hand, since p factors through a finite group G, its eigenvalues is a root of unity.
Hence the lisse sheaf is of weight zero, Le., the complex abslute values of its eigenvalues are one.
By the eigenvalues of Frob, on Hé(Xqu,}"l) are algebraic numbers of complex absolute

value < ¢*/2.
So, for the ¢ < 2d — 1 part,

2d—
Z Zq_ns 1)’ trace(Frobl; HA(X xg, Fy, 77))|
’L

n>1

<Z —nR 5)1 C - qn(dff <C- HOg( d 1/2—R(s ))‘7
n>1

which is bounded near s = d.
At last, we only need to bound the i = 2d part

Zq ns trace (Froby; H2d(XF,]:l)).
n>1

Let F; be the constant field of X and let G” := Gal(F;/F,).
We actually have a commutative diagram with rows are exact:
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0 —— nf'(Xz,,2) —— 7{(X,8) ——— Gal(Fy/F,) ——— 0

Q
Q
o

0 —————— Ggeom

By Poincaré duality
Hgd(XFq,]-—l) = HO(X]Fq,}'V(d))V o (Wv(d))cgeom,

where V] is the fibre of the Q;-sheaf Fj.

Now, let g € Ggeom and v € (V}Y(d))Cseom we know v =g -v = ¢ - p¥(g) - v. Since p¥(g) has
eigenvalues as roots of unity as before, we know that it must be 1, if v # 0. So, we know that
H czd(X]Fq, F1) is trivial unless Ggeom acts on Vj trivially. In this case, p factors through G” and
¢ comes from an irreducible character ¢” of G”. But since G” is cyclic, we must know that "
has degree 1, i.e., p has dimension 1.

Hence dim chd(XFq,]—"l) =1, with Hfd(XFq,}"l) =~ Q(d) by Poincaré duality as above. Then
the eigenvalue of Frob, is " (Frob,) - ¢¢

Zq ns trace (Froby; H* (X5, F)) Zq_"s ”(Froby)g™)™ = —log(1 — ¢”(Frobg,)q?~*).
n>1 n>1
(%)
As ¢"(Frob,) is a root of unity and is nontrivial by our assumption on ¢, (***) is bounded
near s = d.

O

The characteristic zero case can be proved similarly by slightly changing the function F,.

At last, we want to use the schematic Chebotarev to deduce the classic Chebotarev
Let L/K be a finite Galois extension of number fields and let X = Spec(Ok),Y = Spec(Op,).
f Y — X is not an étale cover in general, since it may be ramified at some point. Let
S C Spec(Of) consists of those primes ramified in the extension L/K. And let S’ C Spec(Op)
be the primes above those in S. Then, the morphism f : Y \ 8’ — X \ S is unramifed, hence
étale. The conclusion of 3.7 coincides with that of [[L2l



	1. The classic Chebotarev density theorem
	1.1. Preliminaries of number theorey
	1.2. Chebotarev density theorem

	2. Review of étale local system and étale cohomology
	2.1. étale local system and lisse sheaves
	2.2. Grothendieck-Lefschetz trace formula
	2.3. Weil Conjectures
	2.4. Poincaré duality

	3. Dirichlet density in dimensions 1
	3.1. Dirichlet density
	3.2. Chebotarev density theorem


